11.6.2 Change of Measure for a
Compound Poisson Process
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Let N(t) be a Poisson process with intensity A, and let Y7,Y5,... be a se-
quence of identically distributed random variables defined on a probability
space ({2, F,P). We assume the random variables Y;, Ys,... are independent
of one another and also independent of the Poisson process N(t). We define
the compound Poisson process

N(t)
REBEIE Q) =) Vi (11.6.9)
=1

Note for future reference that if N jumps at time ¢, then @) jumps at time ¢
and

Q(t)-Q(t-)=AQ(t) = Yn()- (11.6.10)
Jumps in Q(t) are random sizes Q(t):value of Q immediately after the jump
First jump size:Y; Q(t-):value of Q immediately before the jump

Second jump size:Y,



For a Poisson process, the change of measure affects the intensity.
For a compound Poisson process, the change of measure can affect
both the intensity and the distribution of jump sizes.

Our goal is to change the measure so that the intensity of N(¢) and the
distribution of the jump sizes Y7, Y2,... both change. We first consider the
case when the jump-size random variables have a discrete distribution (i.e.,
each Y; takes one of finitely many possible nonzero values y;,ya, .- .,yar)- Let

p(ym) denote the probability that a jump is of size y,:
T M#djump sizesdiscrete distribution

This does not depend on % since Y;,Ya,... are identically distributed. We
assume that p(ym) > 0 for every m and, of course, that >~ _, p(ym) = 1.



Let Nm(t) denote the number of jumps in Q(t) of size y,, up to and
including time ¢, so that

M M N(t): 8 = S o )
N(t) =Y Nm(t) and Q(t) = Y ymNm(t). * MABJUMP sized 5 Ny ()=

According to Corollary 11.3.4, Ny,..., N are independent Poisson processes
and each Ny, has intensity Am = AP(Ym).
Let A1,..., Aax be given positive numbers, and set

—

) A Nm[t) M
Zon(t) = eAm=Am)t (A—’") and Z(t) = [] Zn(t). (11.6.11)
" m=1

e AR R R |7
P(A) = / Z(T)dP for all Z € F.
A
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_ A Nm(t) M
Zp () = eAm=Am)t (A_m) and Z(t) = H Zm(t). (11.6.11)
m m=1

Lemma 11.6.4. The process Z(t) of (11.6.11) is a martingale. In particular,
EZ(t) =1 for allt.

PROOF: From Lemma 11.6.1, we have

Am — A

dZm(t) = "‘hm = Zm(t=) dMpn(t), (11.6.12)

where
My (t) = Np(t) — An dt.



S0, Zalt)=F ) X(0)=Om ANt og (-

i Nm(t) M
Zin(t) = ePm=mit (A—") and Z(t) = [ Zm(t).  (11.6.11)

m=1

FixoF SX=2ntt) X°(t) Tit)

1(xX(0) = 1(x(@) + [ £(X(s) dx<(6) + 3 : (X (8)) dX<(5) dX<(5)

+0§<‘ [f(X(s)) - F(X(s-))]- (11.5.4) dxcc.t) - (Am—am)dt
By 11.5.4, Zm(t) = £(X(£))= $(X(©))+ (Am-FAn) f £ xm»o\u+o§£t[¥(x(u»-ﬂxm—n]

- Zn(0)+ (9mFn)y Znit du+ 0%%[ Zm(W)-Zm (U-)]
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=0 if nojump

@ nojump at time U : Zmw)- Zmu-)=0 2 ZnlU) -Zn(ut-) = ( -’\'“ )Zm (U-)Nmlw)

\ - N 3\, ‘9\ 0 _ m-
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N t
Znlt)= Zn(0) + 2020 | Zn(u)dMin (r)

Because the integrand in (11.6.12) is left-continuous and the compensated
Poisson process is a martingale, the process Z,, is a martingale (Theorem

11.4.5).

Theorem 11.4.5. Assume that the jump process X (s) of (11.4.1)-(11.4.3) is
a martingale, the integrand d(s) is left-continuous and adapted, and

t
]E/ I'(s)®*(s) ds < oo for all t > 0.
0

Then the stochastic integral fﬂt @(s) dX(s) is also a martingale.

Z..(u—)is left continuous
{ m(t =) / - Z,, is martingale

M., (t) is martingale

v Zm(t) is martingale, Z,,,(0) = 1
“EZ (t) =1



Corollary 11.5.5 (Itd’s product rule for jump processes). Let X,(t)
and X,(t) be jump processes. Then

X1 () Xa(t) = X1 (0)X2(0) + ] Xa(s) dX5(s) + /0 X (s) dX§(5)

+XT, X3](t) + Z [X1(s)Xa(s) — X1 (s—)Xa(s—))
0<s<t

= X[{O)Xz(ﬂ) + At Xg(s-) Xm(G) + ft Xl(s-) ng(S‘)
+[ X1, X2 (2). (11.5.11)

For m # n, the Poisson processes N,, and N,, have no simultaneous jumps,
and hence [Z,,, Z,] = 0. Itd’s product rule (Corollary 11.5.5) implies that

d(Z1(t)Z2(t)) = Za(t—) dZ:(t) + Z:1(t—) dZa(t). (11.6.13)

Because both Z, and Z, are martingales and the integrands in (11.6.13) are
left-continuous, the process Z; Z; is a martingale. Because Z; Z3 has no jumps
simultaneous with the jumps of Z3, Ito’s product rule further implies

d(Z:(t) Z2(t) Z3(t)) = Z3(t—) d(Z:1(t) Z2(t)) + (Z1(t—) Z2(t—)) dZs(t).

martingale (ByThmli|4.5) lett- Contmqoub martingale 0
Fi(t)22(t)=Z (0)':’:(0)+f Z>(U-)dZ/(W) j Zi(U-)dZx(W)+ [Zm, Zn](t)

> dZ(t)B>k) = (- )d2(t) + Zi(t-)dZalt)



Once again, the integrators are martingales and the integrands are left-
continuous. Therefore, Z; 2273 is a martingale. Continuing this process, we
eventually conclude that Z(t) = Z,(t)Z2(t) - - - Z (t) is a martingale. O

Fix T > 0. Because Z(T') > 0 almost surely and EZ(T) = 1, we can use
Z(T) to change the measure, defining

P(A) = / Z(T)dP for all Z € F.
A



Theorem 11.6.5 (Change of compound Poisson intensity and jump
distribution for finitely many jump sizes). UnderP, Q(t) is a compound

Poisson process with intensity )\ = Zi’{:] Am, and Y1, Ya, ... are independent,
identically distributed random variables with

P{Y; = ym} = p(ym) = (11.6.14)

Am
A



KEY STEP IN PROOF: We use the independence of Ny,..., Np under P to
compute the moment-generating function of @Q(t) under P. For 0 < t < T,
Lemma 5.2.1 and the moment-generating function formula (11.3.4) imply

B [euoud>: E [euomz(t)]
M M ) :\ N (t)
@=E |exp {ur;ymNm{t)} [T A (i)

m=1

M . A
= H exp{{)‘m — Am)t} -E [exp{(uym +10g ﬁ) Nm(t)}]

exp{(An — Am)t} exp {)\mt (euymﬂog(imnmy _ 1)}

(Am — Am)t + Aptet¥m — )\mt}

{
exp{ mt(e*¥™ — }
exp {Atp(y evm )\ t}

M
(B)=exp {:\t (Z Bym)e ¥ — 1) } -

=1

According to (11.3.5), this is the moment-generating function for a compound
Poisson process with intensity A\ and jump-size distribution (11.6.14). O

Lemma 5.2.1. Let ¢ satisfying 0 < t < T be given and let Y be an F(t)-
measurable random variable. Then

EY = E[Y Z(t)). (5.2.8)

one(u) = Ee*N® = exp{At(e* — 1)}. (11.3.4)

(D By Lemma 5.2.1

- Nm(t) M
@ Zm (t) — eAm=Am)t (;_m) and Z(t) = H Zm(t).

m m=1

M
Qt) = ) ymNm(t)
m=1
@ By11.3.4

@ P{Y; =ym} = p(ym) = —i’-"- (11.6.14)

= A, =Py, 1



The Radon-Nikodym derivative process Z(t) of (11.6.11) may be written
as

v M /<. Nom (t) N(t)
. i\ T (26(m) RO *P(Y)
o=oof o I (55) - I

This suggests that if Y;,Y>,... are not discrete but instead have a common
density f(y), then we could change the measure so that Q(t) has intensity

A and Y1, Ys,... have a different density f( ) by using the Radon-Nikodym
derivative process
e 11 M(YD)
Z(t) = eA N1 11.6.15
i vy (11619

This is in fact the case, although the proof, given below, is harder than the
one just given for the case of a discrete jump-size distribution.

To avoid division by zero in (11.6.15), we assume that f(y) = 0 whenever
f(y) = 0. This means that if a certain set of jump sizes has probability zero

under P, then it will also have probability zero under P considered in Theorem
11.6.7 below.

(?\m—Am)'t Nm(t)
zm— ()

ﬂP(H ) Y mE)

M
s eXp{ % (km" m)t} ot 2P(5n\) )

N('t) 9\P( Yi)
= QXPT 9‘-2 )t} i AP(Y ) diSCYﬁQ&

Z(t)=exp{(A-At3-T, Mm
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